Abstract. We give sufficient conditions for the existence of equivariant harmonic maps from the universal cover of a Riemann surface B to the Teichmüller space of a genus g ≥ 2 surface Σ. The condition is in terms of the representation of the fundamental group of B to the mapping class group of Σ. The metric on Teichmüller space is chosen to be the Kähler hyperbolic metric. Examples of such representations arise from symplectic Lefschetz fibrations.
Introduction
Let B be a closed, compact Riemann surface, and let Γ g denote the mapping class group for a closed, oriented, genus g ≥ 2 surface Σ. A representation ρ : π 1 (B) → Γ g gives a homotopy class of ρ-equivariant continuous maps u : B → T g . Here, T g is the Teichmüller space of equivalence classes of conformal structures on Σ, and B denotes the universal cover of B.
This paper concerns the following question: for which representations ρ does there exist a ρ-equivariant harmonic map u : B → T g ? To give this meaning, we must choose a Γ g -invariant metric on T g . The two most widely studied metrics, and the ones most useful in terms of applications, are the Weil-Petersson and Teichmüller metrics (see §3 for a brief description). If the Weil-Petersson metric on T g were a complete metric of nonpositive curvature, we could select it for the target metric, and an existence theorem would follow from what are by now standard methods (cf. [D1, C1, La, JY1] ). While the Weil-Petersson metric does have strictly negative sectional curvature [T, R, W1] and is geodesically convex [W2] , it is not complete [W3, Chu] , and this complicates the analysis (see [JY2, JY3] for a discussion of this). Alternatively, one may attempt to adapt the recent techniques on general metric space targets [GS, KS, J1] to study equivariant maps to T g with respect to the Teichmüller metric. This is only a Finsler metric, but it does give T g the structure of a complete length space. However, it is known that the Teichmüller metric is not nonpositively curved [M] , and therefore the methods of [KS] , and in particular the existence theorems, do not directly apply.
Recently, McMullen proved that T g carries a complete Kähler metric g 1/ that interpolates between the Weil-Petersson and Teichmüller metrics in such a way as to maintain a bounded geometry. More precisely, we have the following Theorem 1.1 (McMullen [McM] ). There is a complete Γ g -invariant Kähler metric g 1/ on T g satisfying the following:
1. g 1/ is uniformly quasi-isometric (comparable) to the Teichmüller metric; 2. (M g , g 1/ ) has finite volume, where M g = T g /Γ g is the Riemann moduli space; 3. The sectional curvature of g 1/ is bounded from above and below; 4. The injectivity radius of g 1/ is bounded from below.
Indeed, this metric satisfies the stronger condition of being Kähler hyperbolic in the sense of Gromov, though we will not need this fact. The construction in [McM] actually produces a family g 1/ (ε) of such metrics depending upon a sufficiently small parameter ε > 0, and g 1/ (ε) converges uniformly on compact sets to the Weil-Petersson metric as ε → 0. It is therefore natural to study the harmonic map problem with respect to g 1/ (ε) and the dependence of its solutions on ε. Here we shall only address the first issue. The results in this paper will be valid for any choice of ε, and we henceforth suppress this dependence from the notation.
It will be useful to generalize the problem to the case where the domain is a compact surface with several points removed: B = B \ {p 1 , . . . , p k }. In this case, the given data is a representation ρ : π 1 (B ) → Γ g , and we must assume the existence of a smooth initial finite energy ρ-equivariant map f : B → T g . As is customary in the equivariant problem, since the energy density e(f ) of f is π 1 (B )-invariant, finite energy means that the integral E(f ) of e(f ) over B is finite. A condition sufficient for the existence of a finite energy map, and analogous to the one for linear representations, is the requirement that the local monodromy about each point p i be pseudoperiodic (see Definition 3.1 and Theorem 3.2 below).
Let PMF denote the space of projective classes of measured foliations. Recall that the action of Γ g extends continuously to Thurston's compactification T g = T g ∪ PMF. A subgroup is sufficiently large if it fixes no finite set of points on the boundary PMF (for the precise condition, see Definition 2.2 and Theorem 2.3 below). The main result of this note is the following In many ways, the metric g 1/ combines the advantages of both the Weil-Petersson and Teichmüller metrics, and the Thurston boundary seems to play the same role for Teichmüller space as does the ideal boundary for complete negatively curved manifolds. Given this, the construction of the harmonic map follows the basic ideas of Morrey, Lemaire, Schoen-Yau, and Sacks-Uhlenbeck [Le, SY, SU] . More generally, one might expect that energy minimizers with respect to g 1/ behave similarly to harmonic maps to negatively curved target spaces for higher dimensional domains. In particular, they should enjoy nice regularity and rigidity properties.
By the fundamental work of Donaldson [D2] , many examples of subgroups of Γ g arise from symplectic 4-manifolds in the form of symplectic Lefschetz fibrations (SLF's for short). These are smooth maps X → B that are genus g fibrations off a nonempty set of singular points
there is a monodromy representation ρ : π 1 (B ) → Γ g which locally about the points p i is a Dehn twist about a simple closed curve with a preferred sign.
Because of the condition on the local monodromy, one can easily construct finite energy equivariant maps B → T g , and one may attempt to find a homotopic harmonic map. We shall show that for SLF's over S 2 , the monodromy ρ : π 1 (B ) → Γ g is always sufficiently large (see Corollary 6.3). As a consequence, we will prove This may be regarded as an analogue of a well-known result in the holomorphic category. Recall that a genus g holomorphic Lefschetz fibration over B defines a holomorphic map from B to T g , which is therefore harmonic for any Kähler metric on T g . The theorem above shows that existence of a harmonic map is a notion that generalizes to the symplectic category. This is in contrast to the map B → H g , where H g is the classifying space of Hodge structures on the first cohomology group of the fiber Σ. Again, in the case of holomophic fibrations, this is holomorphic and therefore harmonic for any Kähler metric on H g . In general, for the canonical metric on H g it is known that an equivariant map B → H g can be homotoped to a harmonic map if and only if the image of the monodromy representation on the first cohomology group of the fiber is reductive. On the other hand, there exist SLF's with nonreductive monodromy representations [KPS] , so the symplectic analogue of the holomorphic result will not hold in this case.
Background
In this section, we collect some facts concerning measured foliations and subgroups of the mapping class group.
Let S denote the set of isotopy classes of simple closed essential curves on Σ. For σ ∈ T g and γ ∈ S, we let γ σ denote the length of the geodesic in γ with respect to the hyperbolic metric on Σ with conformal structure in σ (we will henceforth confuse hyperbolic metrics, their conformal structures, and their equivalence classes, and denote all by σ). If α, β ∈ S, the geometric intersection number, i (α, β) , is the minimal cardinality of the set α∩β as α and β range through their isotopy classes.
Let MF denote the space of measured foliations on Σ, modulo isotopy and Whitehead equivalence (cf. [FLP, Exposé 5] ). We do not consider the "zero measure" to be an element of MF. We say that F, F ∈ MF are projectively equivalent if F is obtained from F by scaling the measure by a real number r > 0. In this case, we write F = rF . Let PMF denote the projective equivalence classes of elements of MF. For F ∈ MF and γ ∈ S, we have an intersection number i(F, γ) which is the total measure of a representative of γ that is quasi-transverse to F . This endows MF and PMF with a topology.
Unbounded sequences σ j ∈ T g have subsequences converging in PMF in the following sense: there are positive numbers r j → 0 and F ∈ MF such that for each γ ∈ S, r j γ σ j → i (F, γ) . Any other sequence r j for which r j γ σ j converges on all γ (and not identically to zero) gives rise to a measured foliation that is projectively equivalent to F . We shall denote this convergence by r j σ j → F .
For any γ ∈ S and r > 0, there is an associated rγ ∈ MF such that i(rγ, α) = ri(γ, α) for all α ∈ S. An important fact is that the intersection number for curves and between curves and measured foliations extends continuously to a nonnegative function i(·, ·) on MF × MF such that i(rF, r F ) = rr i(F, F ). We say that F and F are transverse if i(F, F ) = 0.
We will need the following Lemma 2.1. Let σ j ∈ T g be an unbounded sequence, and let γ j ∈ S. Suppose there is a constant
Also, assume there are positive numbers r j → 0 and
Proof. Fix a conformal structure σ 0 on Σ. For any other conformal structure σ j on Σ there is a conformal hyperbolic metric (also denoted σ j ). Let ϕ j denote the Hopf differential for the unique harmonic map u : (Σ, σ 0 ) → (Σ, σ j ) in the component of the identity. More precisely, ϕ j is the (2, 0)-part of the pull-back metric u * σ j . A calculation shows that ϕ j is a holomorphic quadratic differential on (Σ, σ 0 ). Let V ϕ j denote the vertical measured foliation of ϕ j . Then by the main result of [Wo] , r j σ j → F implies that r j V ϕ j converges in MF to a measured foliation that is projectively equivalent to F . Up to rescaling, we may assume that
This proves the lemma.
Recall Thurston's classification of surface diffeomorphisms (cf. [FLP] ). An element h ∈ Γ g is called reducible if h fixes a collection {γ 1 , . . . , γ m } of isotopy classes of disjoint simple closed essential curves in Σ. It is called pseudo-Anosov if there is r > 1 and transverse measured foliations F + , F − such that h(F + ) = rF + , and h(F − ) = r −1 F − . In this case, the fixed point set of h in PMF is precisely {F + , F − }. The classification states that any h ∈ Γ g is either periodic (finite order), reducible, or pseudo-Anosov, and these are mutually exclusive possibilities.
Definition 2.2 ([MP, p. 142]). A subgroup Υ ≤ Γ g is sufficiently large if it contains two pseudoAnosov's with disjoint fixed point sets in PMF.
Following [KM] , we introduce the following terminology and notation. For any F ∈ PMF, we let
A measured foliation F is called minimal if i(F, γ) > 0 for every γ ∈ S. Let F min ⊂ PMF denote the subset of projective classes of minimal foliations. The sets Z F give a partition of PMF \ F min , while for F ∈ F min , the condition in (2.1) is an equivalence relation. The set W F consists precisely of those measured foliations that are topologically equivalent to F , but whose measures may be different [Re] .
In practice, we will use the following criteria equivalent to the condition for a subgroup to be sufficiently large. 
Finite energy
The purpose of this section is to give a criterion for the existence of finite energy maps.
Definition 3.1 (cf. [MM] ). An element h ∈ Γ g is pseudoperiodic if it is either periodic, or it is reducible and periodic on the components of
For linear representations, the condition of locally (quasi-) unipotent monodromy guarantees the existence of finite energy maps (cf.
[C2]). The key point is the existence of an invariant horosphere. The following result shows that the analog of this condition for representations into the mapping class group is locally pseudoperiodic. First some facts concerning metrics on T g . Recall that the cotangent space T * σ T g is identified with the space of holomorphic quadratic differentials on (Σ, σ). For ϕ ∈ T * σ T g , the Teichmüller cometric is given by ϕ T = Σ |ϕ|. Tangent vectors T σ T g are classes of Beltrami differentials µ (as with conformal structures, we will use the same notation for µ and its equivalence class). The Weil-Petersson pairing between tangent and cotangent vectors is
For a tangent vector µ ∈ T σ T g , let µ h denote the harmonic representative with respect to the hyperbolic metric σ. Then the Weil-Petersson metric on T g is given by
We also introduce the L 1 norms µ 1 = Σ |µ|σ. We have the following
Proof. We may write µ h =φσ −1 for a holomorphic quadratic differential ϕ. Then
On the other hand,
Proof of Theorem 3.2. Let p ∈ B be one of the points p i . By assumption, the monodromy of ρ about p is pseudoperiodic and so leaves invariant a collection {γ 1 , . . . , γ m } of isotopy classes of simple closed curves. Then according to [MM] we may find a smooth map f p : ∆ * → M g , where ∆ * is the punctured disk, such that the monodromy of the liftf p : ∆ * → T g coincides with the local monodromy of ρ at p. Note that this map may not be holomorphic (or anti-holomorphic), unless the induced Dehn twists about the γ i 's have a coherent sign. Nevertheless, the construction in [MM] may be adapted so that the polar coordinates (r, θ) on ∆ * are sent, in terms of FenchelNielson coordinates, to the length and twist parameters of γ i . More precisely, we may arrange that for z ∈ ∆ * , |z| sufficiently small, the length of γ i with respect to the hyperbolic metric in the conformal class f p (r, θ) is −1/ log r. We may also assume that there are no curves other than γ i with length less than ε. Furthermore, the vector field (f p ) * (∂/∂θ) is a linear combination with constant coefficients of the twist vector fields about the γ i . By [McM, Corollary 5.4] , there are constants C 1 and C 2 (depending on ε) such that for any µ ∈ T σ T g where σ is in the image of f p (z), 0 < |z| < ε,
For the vector µ = (f p ) * (∂/∂θ), the second term on the right hand side of (3.1) vanishes, and the first term is uniformly bounded by [W5, Lemma 3.1] . For the vector µ = (f p ) * (∂/∂r), the second term is bounded by a constant times 1/r 2 (log r) 2 . For the first term, we again refer to [W5, Lemma 3.2] , which states the the vector fields (∂/∂ γ i ) h have uniform L 1 bounds. By Lemma 3.3, we can then absorb the Teichmüller norm to the left hand side of (3.1), introducing a term bounded by a constant times 1/r 2 (log r) 4 . Hence, the energy density of f p with respect to the Teichmüller metric is bounded by a constant times 1/r 2 (log r) 2 , and so f p has finite energy with respect to the Teichmüller metric. Now g 1/ is comparable to the Teichmüller metric, so f p has finite energy with respect to g 1/ as well. In this way, we construct finite energy maps f p locally for each puncture p. We may then extend their lifts equivariantly to obtain a finite energy map as in the statement.
The Dirichlet problem
For this section only, B will denote a compact surface with nonempty smooth boundary. Given ρ : π 1 (B) → Γ g , we fix a smooth ρ-equivariant map f : B → T g . Choose a finite index normal subgroup Γ ≤ Γ g such that M g = T g / Γ is a smooth manifold (cf. [L] ). If H denotes the kernel of the map π 1 (B) → Γ g / Γ induced by ρ, B = B/H, and G = π 1 (B)/H, then G has an induced representation in Γ g / Γ, and f descends to a G-equivariant mapf : B → M g . Since B is a finite cover of B, it is also a compact surface with boundary. The goal of this section is to prove the following:
Moreover,û is homotopic tof rel boundary, andû is energy minimizing over all homotopic Gequivariant maps with the same boundary conditions.
Since π 2 ( M g ) = 0, the proof of Theorem 4.1 follows along the lines of [Le, SY, SU] . However, some additional care is required for two reasons. First, we demand that the mapsû be G-equivariant; and second, the injectivity radius of g 1/ on M g is not bounded away from zero. Neither of these points presents a real difficulty, however, since the equivariance is essentially dealt with in the above references, and the injectivity radius of g 1/ on the universal cover T g is bounded from below. For the sake of completeness, we provide the necessary modifications to the standard arguments.
The method of proof will closely follow [J2, J3] , where the Sacks-Uhlenbeck theorem is proven using harmonic replacements. Here is an outline: take an energy minimizing sequence on B with given boundary data and cover B by finitely many disks whose radius is small with respect to the initial data and the geometry of g 1/ on T g . We then apply the Courant-Lebesgue Lemma (cf. [J3, Lemma 1.3.2]) to replace the maps on each disk by harmonic maps with the same boundary data. In this way, we construct an equicontinuous family from which a subsequence converging to an energy minimizer may be extracted.
First, some notation: we fix a conformal metric on B, and all distances on B (and B) will be taken with respect to this metric. For x ∈ B, ε > 0, we let D(x, ε) denote the set of points in B of distance < ε from x. We shall always assume that ε is sufficiently small so that D(x, ) is topologically either a disk or a half-disk (if x is near the boundary). Similarly, for p ∈ M g , let B(p, ε) denote the set of points in M g of distance < ε from p with respect to the g 1/ metric. Here, we do not make an assumption on the topology of B(p, ε).
, where i (T g ) is the lower bound for the injectivity radius of T g in the g 1/ metric, and κ ≥ 0 is the upper bound for the sectional curvature. By Theorem 1.1, R is strictly positive. We also choose a fundamental domain F in B for the action of G. Cover F by disks D(x j , δ/2), j = 1, . . . , m, where 0 < δ < 1 is chosen so that (i) 8πK/ log(1/δ) ≤ R 2 ; (ii) If d 1/ denotes the distance with respect to the metric
This is possible from the compactness of ∂ B;
for all j and all γ ∈ G different from the identity. This is possible because G is finite acting freely.
Letf n : B → M g be a sequence of continuous G-equivariant maps such that (iv)f n ∂ B =f ∂ B ; (v) E(f n ) converges to the infimum of the energy over all G-equivariant maps in the homotopy class off rel boundary.
By the Courant-Lebesgue Lemma (cf. [J3, Lemma 1.3 .2]), for every n we can find r n,1 , δ < r n,1 < √ δ and p n,1 ∈ M g such thatf n (∂D(x 1 , r n,1 )) ⊂ B(p n,1 , R). Since the disk is simply connected, the mapf n lifts to a mapf n : D(x 1 , r n,1 ) → T g , and we clearly havef n (D(x 1 , r n,1 )) ⊂ B(p n,1 , R) , for p n,1 a lift of p n,1 . Leth n : D(x 1 , r n,1 ) → T g ,h n ∂D(x 1 ,r n,1 ) =f n ∂D(x 1 ,r n,1 ) be harmonic and energy minimizing. It follows by [J3, Lemmas 1.3.3, 1.3.4] thath n (D(x 1 , r n,1 )) ⊂ B(p n,1 , R) , and theh n have uniform modulus of continuity. The mapsh n descend to harmonic maps:
) with the same properties. We now definê
n is well-defined, continuous, and G-equivariant. Clearly, we also have
.4], we may assume that r n,1 → r 1 . By the uniform modulus of continuity, we may assume thatû 1 n converge uniformly on D(x 1 , δ − η) and all its translates under G, for all 0 < η < δ. Now we can apply the same argument for x 2 and obtain mapsû 2 n with E(û 2 n ) ≤ E(û 1 n ) ≤ E(f n ). By the uniform modulus of continuity we may assume that theû 2 n converge uniformly on D(x 1 , δ − η) ∪ D(x 2 , δ − η) and all its translates, for any 0 < η < δ. We repeat this replacement argument until we obtain a sequenceû m n =v n with E(v n ) ≤ E(f n ) which converges uniformly on all disks D(x i , δ/2), i = 1, . . . m, and their translates. In particular, it converges uniformly on B. Letv = limv n . Since T g is contractible, each replacement preserves the homotopy type of the map, andv n is therefore equivariantly homotopic tof with the same boundary values. By lower semicontinuity of the energy we obtain as in [J2, §4.4] thatv is an energy minimizing harmonic map which is equivariantly homotopic tof . This completes the proof of Theorem 4.1.
Proof of Theorem 1.2
Let B, B be as in §1, where B is now a compact surface without boundary. We consider the two cases of Theorem 1.2 simultaneously: if ρ : π 1 (B) → Γ g , remove a point p and let B = B \ {p}. Thus, we concentrate on the general problem of a representation ρ : π 1 (B ) → Γ g and a finite energy ρ-equivariant map f : B → T g . Let B j be an exhaustion of B by compact surfaces with smooth boundaries. By Theorem 4.1, we may find a sequence of maps u j : B j → M g with the following properties:
andû j is homotopic tof rel boundary; 3.û j is energy minimizing with respect to all G-equivariant maps with the same boundary values.
There is another property of the sequence that will be important. Proof. Let K be a constant such that E(û j ) ≤ K. For ε > 0 choose 0 < δ < 1 such that 8πK/ log(1/δ) < ε 2 . By making δ smaller if necessary, we may assume that dist(A, ∂ B j ) ≥ 2 √ δ for j sufficiently large. Given x ∈ A, then by the Courant-Lebesgue Lemma [J3, Lemma 1.3.2] there exists δ < r j < √ δ for whichû j (∂D(x, r j )) ⊂ B(p j , ε) for some p j ∈ M g . Since theû j are energy minimizers, we haveû j (D(x, δ) ) ⊂û j (D(x, r j ) ) ⊂ B(p j , ε) as well (cf. [J3, Lemma 1.3.4] ). Now by compactness of A there are finitely many points δ) ; hence, for η less than the Lebesgue number of this cover, and any
This implies a uniform modulus of continuity.
We shall say that the sequence u j is bounded if there is a point x ∈ B and a subsequence of the mapsũ j : B → T g such thatũ j (x) is bounded in T g .
Proposition 5.2. If u j is bounded, then there is a subsequence of the mapsû j converging uniformly on compact sets to a G-equivariant harmonic mapû
Proof. Consider a G-invariant precompact domain Ω ⊂ B with smooth boundary. We may assume there is a point x ∈ Ω such thatû j (x) is bounded. By Lemma 5.1 and Ascoli's theorem, we may find a subsequence ofû j converging uniformly on Ω to a mapû. Since E(û j ) is uniformly bounded and theû j minimize energy with respect to their boundary values, a standard argument shows that u i →û strongly in L 2 1 , andû is smooth and harmonic on Ω. Sinceû j are G-equivariant, so isû. Finally, by a diagonalization argument, we can arrange forû j to converge uniformly on compact sets to someû on all of B . Proof. Let x ∈ B be such thatũ j (x) is unbounded. We may choose real numbers r j → 0 such that some subsequence r jũj (x) converges in MF. Consider y ∈ B . By Lemma 5.1 there is a uniform bound on
for all γ ∈ S. In particular, a subsequence of r jũj (y) also converges in MF (note that it suffices to check convergence for finitely many γ's). By a diagonalization argument, we may find a subsequence of r jũj converging in MF on a countable dense subset of B , and we may do so equivariantly. Again using the equicontinuity, we have that the r jũj converges everywhere to a continuous equivariant u : B → PMF. Proof. We shall assume that u j is unbounded for ρ sufficiently large and derive a contradiction. Letũ : B → PMF denote the map obtained from Lemma 5.3. We distinguish two cases:
2. There is some x ∈ B for whichũ(x) = F ∈ F min . Case 1. Letũ(x) = F ∈ F min . We claim thatũ(y) ∈ Z F for all y ∈ B . In particular, by the equivariance ofũ, Z F will be fixed by ρ, and this will contradict the assumption of sufficiently large (see Theorem 2.3). To prove the claim, notice that for any γ ∈ S and some subsequence Case 2. Assume thatũ(x) = F ∈ F min , and let W F denote the equivalence class of F ∈ F min as in (2.1). We claim thatũ(y) ∈ W F for all y ∈ B . By Theorem 2.3, this will again contradict the assumption of sufficiently large.
Proof. Choose γ j ∈ S such that γ j σ j ≤ L for some constant L and all j. We assume that we have chosen positive numbers r j → 0 such that r j σ j → F in MF. We may also find positive numbers s j ≤ 1 and a subsequence such that s j γ j → F in MF. Then by Lemma 2.1 we have i(F, F ) = 0, so F ∈ W F . On the other hand, the uniform bound on d T (σ j , σ j ) and (5.1) imply that after passing to a subsequence and possibly rescaling by a nonzero number, r j σ j → F in MF as well.
Setting σ j =ũ j (x) and σ j =ũ j (y), the claim follows from the lemma, and this completes the proof of Proposition 5.4.
Proof of Theorem 1.2. As above, if ρ : π 1 (B) → Γ g , remove a point p and let B = B \ {p}. Thus, ρ : π 1 (B ) → Γ g , and we assume a finite energy ρ-equivariant map f : B → T g . If the image Υ of ρ is finite, then by Kerckhoff's solution of the Nielsen Realization Problem [K] , Υ has a fixed point in T g . In this case, we may takeũ to be constant. If Υ is sufficiently large, then we construct a sequenceû j of harmonic maps for the Dirichlet problems on B j as above. By Proposition 5.4, the u j must be bounded. By Proposition 5.2 we may therefore extract a subsequence converging uniformly on compact sets to a finite energy ρ-equivariant harmonic mapũ : B → T g . In case the initial map f extends over B, the uniform modulus of continuity guarantees that the image byû of a neighborhood of a puncture p ∈ B lies in a compact subset of M g . Now by removable singularities [SU, Theorem 3.6 ] the harmonic map extends, and we obtain an equivariant harmonic mapũ : B → T g .
Lefschetz fibrations
A genus g Lefschetz fibration is a smooth oriented 4-manifold X, a smooth oriented surface B, and a smooth map X → B which is a fibration by genus g surfaces Σ away from finitely many singular fibers at {p 1 , . . . , p k } ⊂ B. Furthermore, every critical point has the local description of two complex lines meeting transversely in a double point in such a way that the orientations agree with that of X (see [D2] , [GoSt] , or [ABKP] for the precise definition). We assume there is at least one critical fiber and at most one critical point per fiber. Thus, the local monodromy of X near a singular fiber is given by a positive Dehn twist about a simple closed curve γ ⊂ Σ, which is called a vanishing cycle. As in §1, we set B = B \ {p 1 , . . . , p k }.
Gompf showed that under some mild assumptions X may be given a symplectic structure (cf. [GoSt] ). In this case, we say X → B is a symplectic Lefschetz fibration. Conversely, Donaldson showed that after a finite number of symplectic blow ups, any symplectic 4-manifold admits the structure of an SLF over S 2 (cf. [D2] ). The important thing for us is that for SLF's over S 2 , the product of the positive Dehn twists D γ 1 · · · D γ k describing the local monodromy is the identity in Γ g .
Recall that a set {γ j } of essential simple closed curves is said to fill the surface Σ if every essential closed curve α intersects some γ j nontrivially (geometrically). We have the following: Theorem 6.1 (Smith [Sm, Proposition 4 .1]). For any symplectic Lefschetz fibration over S 2 , the vanishing cycles fill the fiber.
Proof. Choose a point in the universal cover H 2 of the fiber Σ and lift each D γ i to a π 1 (Σ) equivariant diffeomorphism of H 2 . The extensions D γ i of these to the boundary S 1 ∂H 2 are homeomorphisms which either leave points fixed or move them in a counter-clockwise direction (cf. [K] ). Now suppose α is disjoint from the γ i . We may choose a liftα with two boundary points p, q ∈ S 1 , and these are necessarily fixed by all D γ i . The product D = D γ 1 · · · D γ k is therefore monotone, and nonconstant, on each of the components of S 1 \ {p, q}. On the other hand, D γ 1 · · · D γ k is the identity in Γ g , and so the restricted lift D must be the restriction of a deck transformation. But the latter are all represented by hyperbolic elements, and so the sign of monotonicity on one of the components of S 1 \ {p, q} leads to a contradiction. Proof. By Theorem 2.3, it suffices to show that no finite index subgroup Υ of Υ has a fixed point on PMF. Suppose to the contrary that F ∈ PMF is fixed by Υ . We claim that i(F, γ j ) = 0 for all j. This would imply that each γ j is homotopic to a closed critical leaf of F . Since {γ j } fills the surface, this would be a contradiction. To prove the claim, note that for any γ j , there is some power m j such that D Proof of Theorem 1.3. By Corollary 6.3 and Theorem 1.2, it suffices to construct a finite energy ρ-equivariant map f : B → T g . Since the local monodromies about each of the p i are Dehn twists, and in particular are pseudoperiodic, the result follows from Theorem 3.2.
